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Abstract. Let A be a smooth projective complex curve of genus g, and U 
and A fixed line bundles on X with deg(A) = d. Let be the moduli 
space of o-polystable quadratic pairs (V, 7), where rk(V) = 2, det(V) = A and 
7 £ H°(X, S 2 V* (B> U). We give new insights on the geometry and topology of 
these moduli spaces, the main result being that, if deg([/) — d ^ 2g — 2 and 
cj ^ 5, then a Torelli type theorem holds for Af&. We also prove the same 
result for the non- fixed determinant moduli spaces. 



1. Introduction 

Let X be a smooth projective curve over C. This paper deals with moduli spaces 
of quadratic pairs, meaning a pair (V, 7) consisting of a vector bundle V together 
with a non-zero bilinear symmetric map 7 on V, with values in a fixed line bundle 
U. The semistability condition for these objects depends on a real parameter a, and 
the corresponding moduli spaces were first constructed in rank less or equal than 
3 by Gomez and Sols in [3]. Let Af a (2, d) denote the moduli space of a-polystable 
[/-quadratic pairs (V,7) with vk(V) = 2 and deg(V) = d. If we only consider 
quadratic pairs (V, 7) where the determinant of V is fixed to be A £ Jac d (A") we 
denote the corresponding moduli space by A/" A . 

The goal of this paper is to give new insights on the geometry and topology of 
M a (2,d) and 7V A . The main result is a proof that, under some conditions, a Torelli 
type theorem holds for W A and A/" a (2, d) - see Theorems l5.9l and l5.11l for the precise 
statements. We follow the methods used by Muhoz [TU] where the Torelli theorem 
was proved for moduli spaces of pairs of any rank and where the results of [T] play 
a significant role. Analogous methods have also been used in [3] to prove similar 
results also for Hitchin pairs. One of the differences in our case is that our moduli 
spaces are not smooth. To deal with this situation we provide an explicit description 
of its smooth locus (enough for example to show that it is simply-connected and to 
compute its Picard group). This description is then also used to show that, under 
some conditions, the moduli spaces A/^ are irreducible - see Corollary 14.31 This 
yields a different proof of this fact from the one of [8] ) . 

This papers builds on many of the results recently obtained on [3] . If the degrees 
of V and U are different, 7 will always be degenerate at some points of X, although 
it might be generically non-degenerate over X. Indeed, if we impose non-degeneracy 
of 7, then we must have d = du, where djj denotes the degree of U. In this case, 
the dependence of the semistability condition on a disappears, and we get the usual 
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stability condition for orthogonal bundles. In other words, M(2, du) is the moduli 
space of rank 2 orthogonal vector bundles. For d > du, there are no scmistable 
quadratic pairs, but if djj > d the moduli spaces are non-empty for a ^ d/2, and 
their dimension increases with the difference du — d, and is independent of a. For 
example, it is known [Tl] that the forgetful map (V, 7) V is an embedding of 
Af(2,du) in the moduli space AA(2,du) of rank two polystable vector bundles (in 
fact this holds for any rank); however, when the difference du — d is at least equal 
to the genus of X, then the same forgetful map on Af a - (2, d) (here = d/2 — e 
where e is small) is surjective and generically a projective bundle over A4(2,d). 
This forgetful map will play a central role in this paper. 

The fact that 7 is a non-linear object (as opposed to most studied cases of 
augmented bundles) is perhaps one of the reasons why these moduli spaces have 
not yet been much studied. In fact, this non-linearity of 7 is in the origin of many 
difficulties which arise, starting with the general definition of stability. For this 
reason, we consider only quadratic pairs of rank 2. In spite of this, these spaces 
arise naturally for example in relation with Higgs bundles for the real symplectic 
group [5] and, thus, in relation with character varieties for representations of 
surface groups. 

2. Quadratic pairs and their moduli spaces 

2.1. Quadratic pairs. Let X be a smooth projective curve over C of genus g 2. 
Let U be a once and for all fixed holomorphic line bundle over X, and let 

du = deg(U) 

denote the degree of U. 

Definition 2.1. A U -quadratic pair on X is a pair (V, 7), where V is a holomorphic 
vector bundle over X and 7 is a global holomorphic non-zero section of S 2 V* (g> U, 
i.e., 7 G H°(X, S 2 V* ® 17). 

Of course 7 can also be seen as a holomorphic map 7 : V — »■ V* (g> U which is 
symmetric, i.e., 7 ® lu = 7- The rank and degree of a quadratic pair (V, 7) are the 
rank and degree of V. We shall say that (V, 7) is of type (n,d) if rk(V) = n and 
deg(V) = d. We will often refer to a [/-quadratic pair simply as a quadratic pair. 

Two CZ-quadratic pairs (V,j) and (V, 7') are isomorphic if there exists an iso- 
morphism / : V — >■ V such that 7'/ = ((J*)" 1 ® l[/)7- For instance, for any 
A G C*, the pairs (V, 7) and (V, A7) are isomorphic. 

2.2. [/-quadratic pairs of rank 1. Our main object of study will be the moduli 
space a-polystable quadratic pairs of type (2, d), with fixed determinant. However, 
we will occasionally have to consider the moduli space of quadratic pairs of type 
(1, d). These kind of pairs, being given by a line bundle L together with a section 
of the line bundle L~ 2 U, are quite simple objects. 

Definition 2.2. Fix a real parameter a. A [/-quadratic pair (L,6) of type (l,d) 
is a-stable if a ^ d. 

Remark 2.3. There are no strictly a-semistable quadratic pairs of rank 1. 

Denote the moduli space of a-stable [/-quadratic pairs on X of rank n and degree 
dbyM a (l,d). 

For a fixed type (1, d), all the moduli spaces A/" Q (1, d) with a ^ d' are isomorphic 
and there is only one so-called critical value of a, for which the stability condition 
changes, namely a — d. A/" a (l, d) is a particularly simple space and, as expected, it is 
quite related with the Jacobian variety of X. The following proposition summarizes 
its features. For details, see Section 2.2 of [5]. 
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Proposition 2.4. Let A/" Q (1, d) be the moduli space of a- stable quadratic pairs of 
type (l,d). 

(1) Ifd > d v /2 or a > d, thenAf a (l,d) = 0; 

(2) Ifd < du/2 and a sC d, then Af a (l,d) is the 2 2g -fold cover of the symmetric 
product Sym u ~ (X) obtained by pulling back, via the Abel-Jacobi map, the 
cover J&c d (X) ->■ J&c du ~ 2d (X) given L !->• L~ 2 U . In particular, J\f a (l,d) 
is a smooth projective variety of dimension djj — 2d. 

(3) If du is even and a ^ djj/2, then J\f a (l, du/2) is the set of the 2 2g square 
roots of U . 

2.3. Stability of quadratic pairs of rank 2. Let us now consider [/-quadratic 
pairs (V, 7) of type (2,d). Given a rank 2 vector bundle V and a line subbundle 
L C V, denote by L 1 - the kernel of the projection V* —> L~ l , It is thus a line 
subbundle of V* and V/L is isomorphic to (L^) -1 . 

Definition 2.5. Let (V,j) be a quadratic pair of type (2,d). 

• The pair (V, 7) is a-semistable if a ^ d/2 and, for any line bundle L C V, 
the following conditions hold: 

(1) deg(L)^a, if 7 (L) = 0; 

(2) deg(L) sC d/2, if 7 (i)ci ± [/; 

(3) deg(L) ^ d - a, if 7 (L) ^ L^C/. 

• The pair (V,7) is a-stable if it is a-semistable for any line bundle L a V, 
the conditions (1), (2) and (3) above hold with strict inequalities. 

• The pair (V, 7) is a-polystable if it is a-semistable and, for any line bundle 
L C V, the following conditions hold: 

(1) if 7(i) = and deg(L) = a, then there is an L' C V such that 
V = L © L' and with respect to this decomposition, 

'0 0' 



' = Vo y 

with 7' e H°(X,L'- 2 U) non-zero; 

(2) if 7(L) C L^U and deg(L) = d/2, then there is V <Z V such that 

V = L © L' and with respect to this decomposition, 

(0 7' 



with 7' e H°(X,L- 1 L'- 1 U) non-zero; 

(3) if 'y(L) <f_ L^U and deg(X) = d — a, then there is L' C V such that 

V = L © L' and with respect to this decomposition, 

-Co' I 

with 7' e H°(X,L- 2 U) non-zero. 

It will be useful for us to classify the possible types of destabilizing subbundles: 

Definition 2.6. Let (V, 7) be a quadratic pair of type (2, d), and let L C V be an 
a-destabilizing of (V,j). We say that L is: 

(1) of type (A), if deg(L) ^ a and 7 (i) = 0. 

(2) of type (B), if deg(L) ^ d/2 and 7 (Z) C L-Lf/. 

(3) of type if deg(L) > d - a and 7 (£) </_ L^U. 

The following result is proved in [9j Proposition 2.17]. 
Proposition 2.7. Lef (V )7 ) be a quadratic pair of type (2,d) and let a < d/2. 
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(1) There is at most one a -destabilizing subbundle L C V of type (A) and at 
most one a- destabilizing subbundle M C V of type ( C). Moreover, if such 
L and M both exist, then V = L © M . 

(2) There are at most two distinct a -destabilizing subbundles L%, L2 C V of type 
(B). Moreover, if there exist such distinct L\ and L2, then V — L\ © Li 
and 7(^1) C L^U. 

(3) There cannot exist simultaneously a -destabilizing subbundles of type (A) 
and (B). 

(4) There cannot exist simultaneously a- destabilizing subbundles of type ( C) 
and (B). 

For a given a£l, denote by 

the moduli space of a-polystable [/-quadratic pairs of type (2, d) on the curve X. We 
obtain the moduli space of a-polystable [/-quadratic pairs with fixed determinant 
in the usual way. There is a map 

(2.1) det : Af a {2,d) -> Jac rf (X), det(V,7) = A 2 V 

and the moduli space of a-polystable [/-quadratic pairs with fixed determinant 
A 6 Jac rf (AT) is the subvariety of Af a (2,d) defined as 

^ = ^, a = det- 1 (A). 

In this paper we will be more focused on the spaces A/"„ . 

Proposition 2.8. Let d, djj be integers such that djj — d ^ g. Then for every 
a ^ d/2, the moduli space Af£ is a projective variety of dimension 3(du — d) — 1. 

Proof. From [5J Theorem 1.6], we know that Af a is projective, and from [91 Theorem 
5.1], we know that dim(A/" Q ) = 3(djj — d) + g — 1. □ 

2.4. Deformation theory of quadratic pairs. Here we look at the local struc- 
ture of the moduli space of quadratic pairs. Using the general results of Biswas and 
Ramanan in [2J, we see that the deformation theory of a quadratic pair (V, 7) G Af a 
is governed by the following complex of sheaves on X : 

C(V,7) : End(V) S 2 V* ® U, p(-f)(ip) = -(^* ® luh ~ 1$- 
There is, moreover, a long exact sequence 

— >e°pr,C"(V,7)) —> H°(X,End(V)) — > H°(X,S 2 V* ®U) — ^ 

(2.2) — >H 1 (X,C"(F,7)) — > H 1 (X, End(V)) — ► H l {X, S 2 V* ® U) — ► 

^H 2 (X,C-(l/, 7 )) ^0 

where the maps End(V)) -> H i {X, S 2 V* ® U) are induced by p( 7 ). It 

follows immediately that M°(X, C'(V, 7)) can be identified with the infinitesimal 
automorphism space of (V, 7): 

H°(A-,C-(V,7)) = W G End(U) | p( 7 )W = 0}. 

Also, from 2 , it is known that M 1 (X, C'(V, 7)) is canonically isomorphic to the 
space of infinitesimal deformations of (V,j). In particular, if (V, 7) represents a 
smooth point of the moduli space Af a , then M 1 (X, C'(V, 7)) is naturally isomorphic 
to the tangent space of A/" a at the point represented by (V, 7). 

If we now restrict the deformation theory to the fixed determinant moduli space, 
and if (V, 7) G J\f£, we have to consider the subcomplex C'(V, 7) of C'(V, 7) given 
by 

CS(V,7) : Endo(F) ^> S 2 F* © [/, 
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where Endo(T^) denotes the sheaf of traceless endomorphisms of V. The trace yields 
a short exact sequence 

— > Endo(V) — > End{V) — >0 — > 

which in turn gives rise to a short exact sequence of complexes, inducing the fol- 
lowing long exact sequence: 

O^H°(X,C -(F, 7 )) — ►H°(X,C(V, 7 )) -^H (X,O) — ► 

(2.3) — > M 1 (X, C'(V, 7)) — > M 1 (X, C*(V, 7)) — > if x (X, 0) — ► 
— > H 2 (X,C -(l/, 7 )) — > H 2 (X,C'(t/, 7 )) — ► 0. 

Remark 2.9. The infinitesimal deformation space of (V, 7) in A/" A is the kernel of 
the map H 1 (X, C* (V, 7)) — » H 1 (X, C*(V, 7)) in the above sequence. In particular, 
if (V, 7) represents a smooth point of Af£, then this kernel is the tangent space of 
A/£at(V,7). 

Definition 2.10. A quadratic pair (V,7) is simple if the group Aut(V, 7) of auto- 
morphisms of (V,7) is equal to {±ly} = Z/2. 

The following is a standard fact (cf. 9, Proposition 2.21]). 

Proposition 2.11. Let [V, 7) 6e an a-stable U -quadratic pair. Then: 

(1) (V,7) is infinitesimally simple, i.e., M (X, C'(V, 7)) = 0. 

(2) (V, 7) represents a smooth point in the moduli space if it is simple and 
B 2 (X,C'(V, 1 )) = 0. 

Definition 2.12. Let A/" A ' sm be the subspace of A/" A consisting of pairs which are 
a-stable, simple and such that H 2 (A, C* (V, 7)) vanishes. 

By Proposition 12.111 N^' sm is then a subspace of the smooth locus of A/" A (we 
shall nevertheless prove, on Proposition 13.101 below, that A/" A,sm is precisely the 
smooth locus). From this and from Proposition 12 .81 we have that if djj — d g then 

(2.4) dimA/" A ' sm = 3(d v -d)-l. 

Of course this follows as well from the fact, mentioned in Remark 12.91 that the 
tangent space at the points of A/" A ' sm is given by the kernel of H 1 (A, C'(V, 7)) — > 
H 1 (A, C {V, 7)) in If (V, 7) € A/" A,sm then this kernel is given by H 1 (A, (V, 7 ))/C 

which is easily seen to have dimension 3(c?[/ — d) — 1. 

2.5. Changes with the parameter. Here we give an overview about the variation 
of the moduli spaces A/" A with the stability parameter a. This will mainly be an 
adaptation of the results obtained [5] to the fixed determinant moduli space. 

It is clear that the semistability condition only changes at a finite number of 
values of the parameter a. These values of a are called critical values, and if a is 
not critical, we say that it is generic. So, if we only allow to change a between any 
two consecutive critical values, all the moduli spaces A/" A will be isomorphic. 

Given a real number x, denote by [^J the greatest integer smaller or equal than 
x. The critical values of the parameter a are (see [HI Proposition 3.3]) all the 
integers between d — [djj/2\ and [d/2\, together with d/2. 

Notation 2.13. For each integer d - \d/2\ - \d v /2\ < k < 0, define 

a k = \_d/2\ + k. 

Also, let 

a M = d/2 and a m = a d _y d / 2 \-y du /2\ = d - [du/2\ 
so that ajf is the biggest critical value and a m is the smallest one. Finally, let 
denote the value of any parameter between the critical values otk and ctk+i, and let 
denote the value of any parameter between the critical values ctk-i and a k - 
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With this notation, we have JV\ — A/" A _ for all critical values at . 

a Z a k+i 



Definition 2.14. For each k G {d - \d/2\ - [d v /2\,. . . ,0}, let S\ be the locus 
in A/" A + of pairs which are a£ -semistable but a^ -unstable, that is, 

^ = {(^7)eAe+l(^AeJ. 

Similarly, define 5 A _ to be the locus in A/" A _ of pairs which are a^ -semistable but 
a~^ -unstable, 

<-={(V,7)€^-l(V;7)^^}. 
The spaces 5 A ± are called the /%> /oci for the critical value a k ■ 



The same arguments as the ones used in Propositions 3.6 and 3.7 and in Remark 
3.8 of [9] apply also to S A ± , showing that S A ± lies in the -stable locus of Af A ± and 

a k a k a k 

that it is indeed a subvariety of Af A ± . An immediate consequence of the definition 
of the flip loci is that Af\ - S\ =*V A _ - 5 A _ . 



Let us now give a brief description of the geometry of the flip loci. Of course 
S\ = 0. With respect to the flip loci S\ for the other critical values, we have 

a M ' a k 

the following, whose proof is entirely analogous to the one of [HI Proposition 3.10]. 
Proposition 2.15. Letau < d/2. ThenS\ is a projective bundle overJ\f d _ +(l,d- 

a k *= 

a k ), with fiber ¥> d - 2ak+ 9~ 2 . 

From the previous proposition and from (2) of Proposition 12.41 (in the case of 
<S A + and djj even, use instead (3) of the same proposition), we have that, for every 
a k "< d/2, 

(2.5) dimiS a+ = d u~d + g-2. 

Now we turn our attention to the other flip loci, <S A _ . As in the case of S\ , the 

a k a Z 

behaviour of iS A _ depends on whether a k = a^[ = d/2 or not. Since A/" A = for 
a > aM, then 

(2.6) S A - = N - , 

and the next result gives a description of this space in terms of the moduli space 
of vector bundles. Let 

A4 A = A4x(2,A) 

be the moduli space of rank 2 polystable vector bundles, over X, of degree d and 
fixed determinant A g Jac d (A). 

Assumption 2.16. From now on, we assume that du — d > 2g — 2. This fact will 
be systematically used throughout the paper. 

Proposition 2.17. Suppose djj — d > 2g — 2. Then the forgetful map tt : Af - — > 

M 

M. A , n(V,j) — V, is surjective and the fiber over a stable vector bundle V is 

p3(dt/-d-g)+2 

Proof. This is the fixed determinant version of [9l Proposition 3.13], where it is 
proved that the fiber over a stable bundle is ¥H°(X, S 2 V*®U). Since now d v -d> 
2g~2, it follows that, when varying V on the stable locus of cM A , dimH°(X, S 2 V*(3 
U) is constant and equal to idjj — 3d — 3g + 3. □ 
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We now give the description of the flip loci <S A _ with a k < a« = d/2. These are 
harder to describe than S A + , and here we will only briefly sketch the description of 
6> A _ ; all the details can be found in 0. If (V,-y) G <S A _, then it is a j. -stable and 

a k °k 

□^-unstable hence strictly afc-semistable. The destabilizing subbundle must be a 
line subbundle M C V such that 

(2.7) deg(M) = d~a k and 7 (M) £ M^U 
hence 7 induces a non-zero holomorphic section 

(2.8) 7' G H°{X,Ar 2 U). 
Write V as an extension 

(2.9) — > M — >V — >• AAI- 1 — >• 0. 

Consider 5 A _ , with a k ^ Q. m , olm if du is even or just a k ^ ocm if djj is odd (the 

a k 

case of a k — a m and du even is easy and will be covered in Proposition ^. 19l below). 
In these cases, the map 7' : M — > M~ Y U as given in (|2.8p is not an isomorphism. 
Let D be its divisor 

D = divCY), 

and consider the structure sheaf Od of J restricted to D. 

Recall that if D — Y^iLi n iPii then, choosing a local coordinate z% centred at pi, 
a global section of Od can be written as J2iLi fi( z ) where fi(z) = Yll^o a k z \- 
One has then a short exact sequence of sheaves 

— > 0{-D) —> O r ^ O d 

where, for each open U such that there is only one point p G Supp(D) in U, 

I 00 \ £>0)-i 
r(D)(C7)(s) = r(D)(C7) = £ a fc ^, 

\fc=0 / fc=0 

for s G C(C/) such that, in a local coordinate z centred at p, s(z) — ^^k—Q a k z • 
The following is analogous to Propositions 3.17 and 3.18 of [5]. 

Proposition 2.18. Let (V,j) G <S A _ . T/ien £/iere is a we/Z defined section s 7 G 

H°(D,k~ l U) given by s 7 = 7'(_D)( 7 |m)- Moreover s 7 = t/ and onZj/ i/ extension 
i2. is trivial, V = M © AM -1 and, wii/i respect to this decomposition, 

7 =/v 

V° 7" 

w/iere 7' is de/med in ((23) and 7" G H°(X,A- 2 M 2 U) \ {0}. 
We can therefore write <S A _ as a disjoint union 

(2.10) S A - =S A '°US AA 



where 

• <S A 1° is the space of pairs in 5 A _ with s 7 = (<£> (|2.9[) is trivial); 

a k a k 

• S A i 1 is the space of pairs in 5 A _ with s 7 / (<^4> (|2.9p is nontrivial). 

Consider also the subvariety C(M, 7') of H°(D, A^U) \ {0} x H°(X, A- 2 U 2 ) \ 
{0} whose elements (q,rj) satisfy the equation q 2 + rj\jj = 0. Then we have a free 
C*-action on C(M, 7') given by A • (q, rj) — (A3, X 2 rj) and we denote the quotient by 

(2.11) Q{M, 1 ') = C{M,i) 
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Proposition 2.19. Let a k ^ &m- Assume that djj — d > 2g — 2. Then in the 
decomposition (|2.10[l of 6> A _ : 

(1) iS A !° is projective bundle over S A '° — > A/" d _ a + (1, d— ct k ), with fiber P du ~ 2ak ~ 9 . 

(2) S^! 1 is such that there is a morphism S A ^} — > A/" d _ +(1, d — a k ) whose fiber 
over (M, 7') is isomorphic to Q(M, 7') as defined in h2.ll}) . Moreover, if 
du is even. S A '} = 0. 

Proof. Consider first a k 7^ a m ,aM if is even or just a k 7^ ctM if djj is odd. 
From Proposition l2~T8l we know that if (V,j) 6 <S A 1°, then V = M ® AM -1 , 

with deg(M) = d - a fc by fl2J|), and 7 = ( 1 °„ ] with 7' e M" 2 ^) and 



7" 

7" G H°(X, A~ 2 M 2 U), both non-zero. From this we get a map 
(2-12) S A i°^A/- d _ a +(l,d-a fc ), 

sending (V, 7) to (M, 7'). Notice that there is no ambiguity on the choice of the pair 
(M, 7') because deg(M) > deg(AM _1 ). The fiber of this map over (M, 7') is given 
by PH°(X, A- 2 M 2 U). Since deg(A" 2 Af 2 C/) = -2a k + du > d v - d > 2g - 2, it 
follows that -ff°(A, A~ 2 M 2 [7) has constant dimension, equal to —2a k +du + 1 — <?■ 
This completes the description of 5 A !° . 

The case of S is a direct adaptation to the fixed determinant version of [9l 
Proposition 3.22]. 

When a k — a m and du is even, the map 7' : M — > M~ lj J is an isomorphism. 
So, in this case, the divisor D = div(7') is not defined. However, Proposition 3.14 
and Corollary 3.15 of [9] readily adapt to our fixed determinant version, showing 
that S A _ is a projective bundle over N [du/2) -{l,d u /2) with fiber f^(du-d)- g _ So ^ 

by (3) of Proposition 12.41 it is in fact a disjoint union of 2 2ff copies of p 2 ( d t/~ d )~ff. 
Indeed, [9> Proposition 3.14] shows that in this case (|2.9p is always trivial, so we 
uniformize our statement by saying that S A _ = <S A !° and that 5 A i 1 is empty. □ 

From the previous result and from Proposition ^. 41 we have 

(2.13) dim ^-° = 2(aV - d) - g. 

On the other hand, one can prove (cf. [9l Corollary 3.23]) that the dimension of 
Q(M, 7') is independent of (M, 7') and equal to 2{du — d) — g, so Proposition 12.41 
tells us again that 

(2.14) dirndl 1 = 3du - 4d + 2a k - g. 

Since a k ^ a m ^ d — du/2, it follows that, for every critical value ak, dim^I 1 ^ 
dim S '_ , so: 

Corollary 2.20. Let a k 7^ olm- Then, for every critical value a k , each connected 
component o/5 A _ has dimension less or equal than 3du — 4d + 2a k — g. 

a k 

With these descriptions we can now state the result which we will need to reach 

our goals: the codimcnsions of S A ±. 

a k 

Proposition 2.21. Let a k < olm — d/2 be a critical value. Then the codimensions 
of S A + in J\f A + are such that codimiS A , > 3a — 3 and codiniiS A _ > q — 1. 



GEOMETRY OF MODULI OF RANK 2 QUADRATIC PAIRS 9 

Proof. Recall that, for every a ^ d/2, the dimension of Af£ is 3(du — d) — 1. 
The result is immediate from (|2.5[) and Corollary 12.201 using, in codim iS A _ , that 

a k < d/2. □ 

3. The singular locus 

In this section we describe explicitly the singular locus of the moduli spaces Af A 
and this description will allow us to give a lower estimate of its codimension. We 
will also conclude that Af A ' sm , introduced in Definition 12.121 is indeed the smooth 
locus of N A . 

Definition 3.1. Let a ^ d/2. 

(1) Let VS a C N A be the locus of strictly a-polystable quadratic pairs for 
which the a-destabilizing subbundle is of type (B) (cf. Definition 12. 6p . 

(2) Let AfS a C A/" A be the locus of a-stable but non-simple pairs. 

The following lemma will be used below. 

Lemma 3.2. If (V, 7) is a quadratic pair in VS a or inMS a then the vector bundle 
V is not stable. 

Proof. If (V, 7) G VS a , it follows directly from the definition that V is strictly 
polystable. If (V,7) G AfS a it is also immediate, because if V was stable, then 
its only automorphisms were the scalars A e C*. The compatibility with 7 would 
imply A = ±1, thus contradicting the non-simplicity of (V, 7). O 

Proposition 3.3. For any a ^ d/2. and djj — d > 2g — 2, codim('P<S a ) > 4g — 5. 

Proof. If (V,7) G PS a , then by definition, V = L ® V with L' = AL _1 and 
deg(L) = d/2, and moreover, 7 is given, with respect to this decomposition, by 

7 = ^ J with 7' G H°(X, A _1 ?7) non-zero. These pairs are thus parametrized 

by 3&c d/2 (X) xPijOp^A- 1 ?/). Since d v -d > 2g-2, then dim FH°(X, A _1 [/) = 
djj — d — g, and the result follows from this. □ 

Now, recall that the description of the flip loci S A _, for at < olm = d/2, was 

a k 

obtained in a different way than that of <S A _ which we know, from (|3.1[) , that it is 
equal to M- . In particular, the spaces S 1° were only defined for ak < Q-m = d/2. 

Let A be the subspace of A/" A _ given by those quadratic pairs such that the 
underlying vector bundle is strictly semistablc: 

(3.1) A = {(V, 7) G I 3M c V, deg(M) = d/2}. 

Obviously, if d is odd, A is empty. 

If {V, 7) G A, then there is some M C V such that deg(M) = d/2, and the 
a M -stability of (¥,7) implies j(M) <£ M X U. 

Remark 3.4. Notice that this is precisely the analogous situation of (|2.7p . which 
was related to the description of S A _ , but now we are taking a k — olm — d/2. So, 

a k 

if we procedure in the same way we did above for 5 A _ (and if we look at the study 
of S a - carried out in [51 § 3.4]), we immediately conclude that A is described very 
similarly to 5 A „ , but by considering = olm- 

a k 

So, we get the following result: 
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Proposition 3.5. Let A be defined as in (|3.1[) , and du — d > 2g — 2. Then there 
is a decomposition 

A = A° U A 1 

where: 

(1) A fits in the following commutative diagram 



A°™^^ /a -( M /2) 



(y,7)^-(AM _1 ,7") 



In other words, A is the fiber product Md/2- 0-> d/2)x Jac d/2, x \Md/2- (1> d/2) 
under the given maps. 
(2) A 1 is such that there is a morphism A 1 — > Md/2- (1, d/2) whose fiber over 
(M, 7') is isomorphic to Q(M, 7') as defined in V2.ll} ). 

Remark 3.6. It should be remarked that the difference between the descriptions 
of A and of S A !° in Proposition 12.191 follows from the fact that for ak < Q-m-, we 

always had deg(M) > deg(AM _1 ), so we could always make a consistent choice for 
the definition of the map f|2.12[) . In the case of the previous proposition we have 
deg(M) = deg(AM _1 ), and consequently the description of ^4° as a fiber product 
and not as a projective bundle. 

Thus, similarly to (I2.13j) and to (|2.14l) we have 

(3.2) dim A = 2(d v - d) - 1 
and 

(3.3) dim A 1 =3(d v - d) - g. 

Proposition 3.7. Let a < d/2, and for each critical value ak < olm, let iS A l° be 
defined as in Provosition \2.1{h Let also A® be as in Provosition \3.5\ Then: 
MS a = I [ S A '° if d is odd 

critical vah 
a<ak<ctM 



-A,0 

Qfc critical value 

or 



MS a y 5 A !° U A ifd is even. 

ctk critical value 
ct<ctk<a M 

Furthermore, if (V,j) S MS a then Aut(V, 7 ) = Z/2 x Z/2. 

Remark 3.8. This description of MS a also holds when a is itself a critical value. 
Proof. Let (V, 7 ) G MS a , and let / G Aut(V,7) \ {±lv}- Then 
(3.4) 7/=((/ t )" 1 ®lc/)7- 

The coefficients of the characteristic polynomial of / are holomorphic, thus con- 
stant, so its eigenvalues are also constant. Let us see that these eigenvalues are 
different. Indeed, if / has only one eigenvalue Ao G C* then we write / = Aoly + /o, 
where /o is a nilpotent endomorphism of V. If F is the line subbundle of V defined 
as the kernel of /o then /q factors through V/F = Ai* 1-1 and its image lies in F. 
Hence f G H°(X, F 2 A~ 1 ). On the other hand, (O implies that 7(F) = 0, the 
a-stability of (V, 7) implies deg(F) < a, and deg(F 2 A^ 1 ) < 2a - d < 0. The 
conclusion is that fo must be zero and / a scalar automorphism of V. However, the 
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7 = 



only scalar automorphisms of V which satisfy p.4[) are precisely ±ly, so / cannot 
be scalar. The eigenvalues of / are thus distinct, so we can split 

V = Fx © F 2 

as a direct sum of eigenbundles of /, such that F\F 2 = A and F\ ^ F 2 . Suppose 
that deg(Fi) < deg(F 2 ). 

Let us now prove that if (V, 7) G MS a , then 7 must be generically non-degenerate. 
Indeed, if det(7) = 0, let N C V be the line subbundle given by the kernel 
of 7. Then (|3.4[) shows that either N = F\ or N = F 2 . Since we are assum- 
ing deg(-Fi) < deg(F 2 ), we must in fact have by the a-stability, N = Fi and 
deg(Fi) < a, and 

'0 

v 7" 

with 7" e H°(X, F 2 ~ 2 f7) \ {0}. But then deg(F 2 ) > d- a and since j(F 2 ) F^U, 
this contradits the a-stability of (V,j). 

So, let (V, 7) G JVS a with 7 is genericaly non-degenerate i.e. det(7) 7^ 0. In 
this case, we have that (A, det(7)) is a £/ 2 -quadratic pair of type (1, d). Moreover, 
det(/) is an automorphism of (A,det(7)), so det(/) = ±1. If det(/) = 1, (|3.4[) 
shows that, with respect to the decomposition V = Fi © F 2 , 

7'" 

with 7' G H°(X,A- 1 U) \ {0}. It follows that j(Fi) C F^U so, by the a- 
scmistability of (V, 7), we must have deg(F^) = e?/2, hence (U, 7) is not a-stablc, 
which is a contradiction. We must then have det(/) = — 1. From (|3.4p we conclude 
that, with respect to the decomposition V = F\ © F 2 , 

V 
,0 7" 

with 7' e H°(X,F^ 2 U) and 7" G H°(X, F?A~ 2 U), both non-zero, and that 

/±1 
V Tl, 

Recall that we have i*i ^ F2 (he. Fi is not a square root of A). Since deg(Fi) ^ 

deg(F 2 ), we must have deg(Fi) ^ d/2 < deg(F 2 ) and a-stability implies, a < 

deg(Fi) < d — a. In other words, there is some critical value ak G (a, d/2] such 

that deg(-Fi) = ak and deg(F 2 ) — d — ak- From (|3.6p . we see that (V,j) G 5 i , 

01 k 

where S 1° is defined in (|2.10[) . This gives rise to an isomorphism 
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(3-5) 7 = 



(3-6) / = 



I — I a,. 

if d is odd or 



afc critical value 
a<Qfc<aM 



AfS a = II S A '_°UA° 

I — I a. 



afc critical value 
a<a k <a M 

if c? is even. From this analysis, it is clear from Q3.6p that if (V, 7) G AfS a , then 
Aut(V,7) = (Z/2) 2 . □ 

Using this description of AfS a and from (|2.13p (as well as from (13. 2p if d is even) 
the following corollary is immediate. 

Corollary 3.9. Let a ^ d/2 and djj — d > 2g — 2. Then the locus of a -stable but 
not simple pairs has codimension bigger than Zg — 3. 
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Now we can prove that N A ' sm , introduced in Definition 12.121 is indeed the 
smooth locus of Af A . This result will be important in proof of the Torelli type 
theorem below for these moduli spaces. 

Proposition 3.10. For any a, Af A ' sm coincides with the smooth locus of Af A ■ 

Proof. Consider first that a is a generic value of the parameter. In this case, 
Af A — Af A ' sm — VSa U AfS a , so we have to show that the points in VS a and in 
AfS a are singular points. 

Let (V,7) G T>S a . Then V = L © V with V S AL^ 1 and deg(L) = d/2, and 
7 /N 



7 



i o 



From (j2~2"j) . and recalling that d v -d>2g-2 implies that M 2 (X, C'(V, 7)) = 0, 
it follows that dimH 1 (JC,C , (y,7)) = 3(d v - d) + dimH°(X, C m (V, 7)), so the di- 
mension of the infinitesimal deformation space of (V, 7) is dim H 1 (X, C (V, 7))/C = 
3(du -d) + dimH°(X, C'(V, 7)) - 1. Now, the automorphisms of elements in Af£< sm 
are only in Z/2, hence we always have that the corresponding infinitesimal automor- 
phism space H° is zero. However, for (V, 7) as above, for each A G C, ip ^ 



-A 

is an element of B°(X, C m {V,i)), thus dimH°(X, C*(V, 7)) > 1 (this corresponds 

— ™-p*^-— — (i £ 

A G C* are also allowed). So, 

dimH 1 (JC,C"(V,7))/C ^ 3(dp - d) > dimA^, 

and thus (V, 7) represents a singularity of Af£. 

Consider now a pair (V, 7) £ 7V5 Q . From Proposition l3~7l Aut(F, 7) = (Z/2) 2 . 
Here, H°(X, C*(V, 7)) = 0, but the presence of finitely many more automorphisms 
than Z/2 yields an orbifold type of singularity of the moduli space. 

If a = a k is a critical value, then Af Qfc -TV*'™ = P5 Qfc U/V<S Qfc U (<S A + US A T ) . This 

follows from the fact that the elements of S A + and S A _ are strictly afc-polystable 

with destabilizing subbundle of type (A) and (C) while the ones of VS ak are 
strictly afc-polystable with destabilizing subbundle of type (B). So, by Proposition 
12.71 PS a must be disjoint of S A + U 5 A _ . The elements of AfS ak are afc-stable, so 

a k a k 

this case is clear. Thus we just have to show that if (V, 7) € S A + U S A _ then it 

represents a singular point. But such (V, 7) is strictly afc-polystable of type (A) or 
(C), and one sees that it represents a singular point just as we did above for type 
(B): for type (A) we have that the 1-dimensional family of endomorphisms of type 

ip — ^ j|j (Ae C) belong to M°(X, C*(V, 7)), and for type (C) the same occurs 
with the 1-dimensional family ip = ^ ^ , A G C. □ 

For a critical value < cum, let 

(3.7) S A ± sm =AT A f n nS\. 

< a i a k 

Proposition 12.211 tell us that the codimensions of <S ± sm in Af ± m satisfy the 
following: 

(3.8) codim iS A l sm > — 1 and codim <S> A : s ™ 1 > 3o — 3. 
Proposition 3.11. For every critical value ak, the following holds: 

jyA.sm _ ^A,sm r%j j^K,srn j^j-A.sm ^A,sm 
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Proof. First, notice that the subvarieties VS a are independent of a, whence (V, 7) ^ 
VS ± if and only if (V, 7) ^ 'PS ctk . On the other hand, it is also clear, from the 

k 

description of AfS a given in Proposition 13.71 that if (V, 7) ^ AfS ± if and only if 
( V, 7) ^ A/"<S Qfc . The result follows from these two facts and from the definition of 
the flip loci. □ 

The next result shows that the singular locus of Af A has, in general, high codi- 
mension. 

Proposition 3.12. Let a < d/2, g ^ 2 and djj — d > 2g — 2. If a is a generic 
value, then J\f A is smooth outside of a subset of codimension larger than 3g — 3. If 
a = otk is a critical value, then Af A is smooth outside of a subset of codimension 
larger than g — 1. 

Proof. For a generical value a, we have that J\f A — M A ' sm = VS a U J\fS a , so 
codim(A/" Q — 7V* m ) is at least the minimum of codim(7 , 5 Q ,) and codim(A/"<S Q ), so 
Proposition 13.31 and Corollary 13.91 prove (1). 

For a critical value a k , notice that M A - A/" A ' sm = P5 a . U MS a . U (S A + US A _ ). 

So (2) follows by Proposition 13.31 Corollary 13.91 and also Proposition 12.211 □ 
Lemma 3.13. Let A be the locus inM A - defined in ([33)1 and Ze< A sm = AnN' A L am . 

a M a M 

Then codim(A sm ) > g - 1. 

Proof. Taking into account Remark 13.41 the stated codimension is given just by 
replacing a k in codim(5 A l sm ) in (|3.8[) by aM = d/2. □ 

Remark 3.14. Notice that if d is odd, then VS a is empty for every a and the same 
holds for AfS - (the case of J\fS - follows from Proposition 13.71 and from the 

fact that A is also empty). So, in this case, A/" A _ is indeed smooth. However, we 

cannot conclude that Af A is smooth for a such that there is a critical value a k with 
a < a k < a~^j, because AfS a is non-empty. 

4. Topological properties 

Let M A ' S = A4 S (2,A) be the stable locus of the moduli space M A of rank 2 

polystable vector bundles with fixed determinant A. Of course, if d is odd, then 
M A,s _ M A 

Proposition 4.1. Let ir : N A - — > M A be the map defined in Proposition \ 2.17\ 
Then: 

(1) 7r(A/" A _ - M A i sm ) cM A - M A ' S ; 

(2) Let A be the subspace of N A - given by those quadratic pairs such that 
the underlying vector bundle is strictly semistable, defined in (|3.ip . and let 

A srn = A n jyA^r* ^ p ^ ^ mstncUon Q j n to ^_«" _ r/lerl 

p : A/" l sm — A sm — > _M A,S is a projective bundle, with fiber isomorphic to 

^>3(du-d-g)+2 _ 

Proof. Recall that AA A _ — J\f A ^ m — VS aM U AfS aM where PiSq, and A/\S Q are 

defined in Propositions 13.31 and 13.91 respectively. From Lemma 13.21 we know that if 
V occurs in a pair (V, 7) in VS a - or in MS a - , then it is not stable. Furthermore, if 

(V, 7) £ NS a - then the a^-stability ensures that V is polystable (cf. Proposition 

|2T7|) . Hence tt(V,7) = V G X A - 7W A ' S . This proves (1). Obviously, if d is odd, 
this item carries no information (cf. Remark 13. 141) . 
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It is clear that p{Kf A L sm - A) C M A ' S and, if V £ M A s , from (1) we know that 

VH°(S 2 V* <g> U) = 7r _1 (V) € 7V A l sm - A. Then, together with Proposition l2~T7l 
this yields (2). □ 

Proposition 4.2. For any a, and d, du such that du — d > 2g — 2, Af A ' sm is dense 
inNt- 

Proof. Fix an arbitrary point in Af A — Af A ' sm represented by a pair (V, 7). We 
will prove the proposition by considering separately the cases where a is generic 
or critical. Suppose a is generic. Then (V, 7) belongs to VS a \Jj\fS a , and Lemma 
13.21 states that V is not a stable vector bundle. Concluding, for every (V, 7) £ 
M A -Af A ' sm , V is not stable. 

Now, it follows from [11, Proposition 2.6] that we can deform V into a stable 
vector bundle V keeping the determinant. More precisely, there is a non-singular 
and irreducible scheme T parametrizing a family V = {Vt}teT of rank 2 and degree 
d vector bundles over X such that A 2 Vt = A, for all t, V tQ — V for some to £ T 
and the subspace {t £ T \ V t stable} is non-empty and dense in T. In other words, 
V — > T x X is a vector bundle such that V|{ t } x x satisfies the above conditions. 

Let pi : T x X — > T and P2 ■ T x X — > X be the projections, and consider 
the direct image sheaf R°pi*(S 2 V* ® P2U). Since du - d > 2g - 2, the fibers 
of R pi*(S 2 V* <g) P2U) have constant (positive) dimension, so it is a locally free 
sheaf, thus a vector bundle over T. We conclude therefore that the corresponding 
projective bundle 

¥R°pu(S 2 V* ®p* 2 U) 

is a connected base for a family of [/-quadratic pairs which contains the given 
pair (V, 7) and for which there is a non-empty dense subspace consisting of pairs 
such that the underlying vector bundle is stable. The first paragraph of the proof 
implies then that on this non-empty dense subspace, all quadratic pairs are te- 
stable and simple. From the universal property of the coarse moduli space Af a (cf. 
[51 Theorem 1.6]), there is a morphism FR°p 1 *(S 2 V* ®p^U) — > N a which factors 
through J\f A C Af a an d this provides a deformation of (V, 7) to an a-stable and 
simple pair i.e. a pair in Af A,sm . This proves the proposition for generic a. 
If a = ajfc is a critical value, then we have two obvious continuous maps 

From the definition of the flip loci TV^ = 7r_(7V^_) U Tt+(N A +) and 7r ± (7V^ ± ) = 
Af A — S\. From above, we see that n+(Af A ± m ) is dense in n+(AT A ±), thus 
7r_ (A/^l 5 ™) U 7r + (Af A + m ) is dense in Af A k . On the other hand, from Proposition 
I3~TT1 Mt sm = v-{N A L sm - S\ sm ) = K+{N\ sm ~ S A f n ), and tells us, 

a k a k a k a k 

since the spaces are smooth, that J\f A ± sm — S A ± m is dense in J\f A ± sm . So we have 



K =MA/^)U7r + (A^) = 7r^ □ 

From [8j Theorem 3.5] we know that under some conditions that Af A is irre- 
ducible. The previous proposition gives us a different proof of the same result. 

Corollary 4.3. Let g ^ 2 and du — d > 2g — 2. Then Af A is irreducible. 

Proof. Since the moduli space A4 A of rank two stable bundles with fixed deter- 
minant is irreducible [T3J Remark 5.9], it follows from (2) of Proposition 14.11 that 
7V A l sm — A sm is irreducible. Since J\f A ^ sm is smooth and g ^ 2, then from Lemma 
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I3.13l we conclude that AT l sm is irreducible as well. The same reasoning, now using 

a M 

Proposition 13.111 and (|3.8[) . shows that Af^' sm is irreducible for any a. Finally the 
previous proposition completes the proof. □ 

Our techniques can also be used to compute the fundamental group of the smooth 
locus of A/" A . 

Corollary 4.4. Let g ^ 2 and djj — d > 2g — 2. Then Af^ sm is simply- connected. 

Proof. The moduli space A4 A,S of rank two stable bundles with fixed determinant is 
simply-connected (cf. [TH Corollary 2]), so from (2) of Proposition I4TT1 we conclude 
that 7Ti(A/ r l sm — A) = 0. As codim(^4) is positive and AT l sm is smooth, we have 

iri(Af l sm ) — 0. Now, suppose that ni(Af + m ) = for some ak < aM- Since 

a M ' a k 

Af A + m is smooth, using again Proposition 13.111 and (|3.8[) . we have 

a k 

- MATY 11 ) = 7nW A + m -S A + m ) = M^t sm ) = TnW A - m -S A - m ) = M^ A - m ), 

a k a k a k k a k k 

whence the result. □ 

Notice that one cannot, a priori, make any statement about the fundamental 
group of Af£, because the presence of singularities may have great influence on its 
the topology. 

5. Mixed Hodge structures and the Torelli Theorem 

5.1. Hodge structures. Here we recall the basics on the theory of (mixed) Hodge 
structures on complex algebraic varieties. The main references are the papers [H 
[3 [B] by Deligne and also the books [TBI IT?]. 

Definition 5.1. A (pure) Hodge structure of weight k is a pair (Vz, Vfc) where V% 
is a free abelian group and Vc — Vi ® C is its complexification, such that there is 
a decomposition into subspaces 

V C = V™ 

p+q=k 



with V q ' p = V p ' q . There is a corresponding Hodge filtration given by F p (Vc) — 
©r>p V r,s ■ A polarized Hodge structure is a Hodge structure (Vz, Vc) together with 
a bilinear nondegenerate map 

0:V z ®Vz—*Z, 

such that V p ' q and V p ' q are orthogonal under 6*c : Vc <8> Vc — >■ C, unless p' = k — p 
and q' = k — q. A morphism between two Hodge structures Vc, Vq is a linear map 
/ : Vc — > Vc compatible with the Hodge filtration, and a morphism between two 
polarized Hodge structures Vc and V^ is a morphism of Hodge structures preserving 
the polarizations. 

For example, given a smooth projective variety Z (hence compact Kahler, with 
Kahler form uj) of dimension n, its cohomology has a pure Hodge structure given 
by 

H\Z,C) = H p > q (Z). 

p+q=i 

This Hodge structure is polarized, with the polarization given by the cup product: 



(5.1) 9{a,/3) = I a U /Jun- 

ior a,/3 € H k (Z,Z). 
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It is well-known that to any Hodge structure of weight 1 (in fact of any odd 
weight) there is associated a complex torus. To see this, consider the inclusion 
Vz <—> Vc and compose this with the projection p ,i of Vc onto, say, V - 1 . The 
quotient V 0,1 /po,i(Vz) is a complex torus. Conversely, from a complex torus V/T 
we obtain a Hodge structure of weight 1 by taking Vc = V © V and Vz = T 
embedded in Vc- This procedure applied to H 1 (X,C), where X is our smooth 
projective curve, gives rise to the Jacobian of X: 

H°' 1 (X)/H 1 (X,Z) = Jac(X). 

If, in this construction, we consider the polarization 9, then we obtain a (1, In- 
form in the complex torus, which is integer and nondegenerate, hence Kahler. This 
is in fact the first Chern class of an ample line bundle on the torus. In other 
words, we get a polarized abelian variety. When applied to the Jacobian of X as 
above, we obtain the canonical polarization in Jac(X), such that the divisor of the 
corresponding ample line bundle over Jac(X) is the theta divisor, 0. So, having 
the polarized Hodge structure (H 1 (X),9), with 9 given by (|5.1[) . is equivalent to 
having the polarized Jacobian (Jac(X), O), which gives therefore an alternative way 
to state the classical Torelli theorem: 

Theorem 5.2 (Torelli theorem). If X and X' are two smooth projective curves 
such that (H 1 (X) , 9) and (H 1 (X I ), 9') are isomorphic as polarized Hodge structures, 
then ISI', 

Definition 5.3. Let V be a finite-dimensional vector space over Q. A mixed Hodge 
structure over V consists of an ascending weight filtration W on V and a descending 
Hodge filtration F on Vc such that F induces a pure Hodge filtration of weight k 
on each rational vector space Gv^V = Vk/Vk—i- 

Define V p ' q = Gr^(Gr^ (J I / )c. Clearly, a mixed Hodge structure is pure of 
weight k if Grj*V = for I ^ k. 

If Z is a complex algebraic variety (not necessarily projective or smooth), Deligne 
has shown in [U [SJ E] that the integral cohomology H k (Z) and the cohomology 
with compact support H^(Z) both carry natural (mixed) Hodge structures. If Z 
is a smooth projective variety then this is the pure Hodge structure previously 
mentioned. 

The notion of isomorphism of (mixed) Hodge structures and isomorphism of 
polarized (pure) Hodge structures are the obvious ones. 

5.2. Cohomology groups of Af A ' sm . The following lemmas are proved in [1] 
Lemma 6.1.1] and [TJ Corollary 6.1.2], respectively. 

Lemma 5.4. Let M be a smooth variety and let Z C M be a closed subvariety of 
codimension k. Then H*(M, Z) = H l (M - Z, Z) for alii < 2k - 1. 

Lemma 5.5. Let M be a projective variety and let U C M be a smooth Zariski 
open subset, with codim(M — U) = k. Then H l (U,Z) has a pure Hodge structure 
of weight i, for every i < k — 1. 

With these results we can now easily compute the first integral cohomology 
groups of J\f^ sm . Recall that A4 A s denotes the stable locus of the moduli space 
M A . 

Proposition 5.6. Assume that d\j~d > 2g—2, g ^ 4 and a < d/2. Then, for every 
a < a M , we have, H 1 ^'* 171 ) = 0, H 2 {J\f^ sm ) ZeZ and H 3 {J\f^ sm ) H^X). 

Proof. It is known 12 that i/ 1 (A4 A,s ) = 0, H 2 (M A > S ) = Z and H 3 (M A ' S ) = 
Hi-(X). So (2) of Proposition O implies that H 1 (Af A L sm - A) = 0, H 2 (N A L sm - 



GEOMETRY OF MODULI OF RANK 2 QUADRATIC PAIRS 



17 



A) = Z ffi Z and H 3 (M i sm — A) = H 1 (X). Since g > 4, the result for a = a M 

follows from Lemmas 13.131 and 15.41 and for any a from Proposition 13.111 (|3.8[) and 
Lemma 15.41 □ 



Corollary 5.7. If g 5? 4 and a < d/2, then the Picard group o/A/" A ' sm is isomorphic 
toZ®Z. 

Proof. Consider first Af A L sm , and identify Pic(Af A l sm ) with ff 1 (7V rA l sm , £>*). From 
the previous proposition we have iJ 1 (A/" l sm ) = and H 2 (M i sm ) = Z © Z, thus 
the exponential sequence yields the exact sequence 

(5.2) — > H l (N A - m , 0) — > Pic(AA A l sm ) — -> Z © Z. 

As H 1 (Af A ! sm ) = 0, then if 1 (JV^ 8 ™ , C) = 0. Moreover, from Proposition EH 
codim(AA Q - - A/" A : sm ) ^ 3g - 3 so, since .g ^ 4, Lemma [S3] says that H l {M A L sm ) 

M a M a M 

is pure, and we have 

withi^A/^" 1 ) S ff 1 - ^!™ 1 ). It follows that fr°- 1 (jV A i flm ) = Oi.c. if 1 (A^l 8 ™ , 0) 

0, therefore the map Pic(7V I s ™ 1 ) — >• ZffiZ in (|5.2p is injective. In order to see that it 
is also surjective, note that, since H 2 {N l sm ) = Z© Z, we have 62 = 2, 62 denoting 
the second Betti number of J\f l sm . Using again Lemma 15.51 we see that 

H 2 (N Ksm ,£) = H 2fl {N Ksm ) © H 1 ' 1 (N K l sm ) © ff°< 2 (A/ A : sm ), 

with H°' 2 (Af A - m ) = Tl 2 ~£(N' A 'I sm ), so 

(5.3) 2 = 6 2 = h 1 ' 1 + 2h 2 ' 

where = dim.H l ^{Ni) are the Hodge numbers. Since J\f is projective it 

has a (positive) line bundle whose Chern class is a (1, l)-class. Restricting this line 
bundle to J\f A ^ sm shows then that h 11 ^ 1, so by (|5.3[) we must have h 11 = 2. 

a M 

In other words, all classes in H 2 (J\f L sm ) — Z © Z come from (1, l)-classes, i.e. 
Pic (TV l sm ) — ► Z © Z is surjective. 

Hence Pic(A/" l sm ) = ZffiZ, and by Proposition [3TTT] and (|3.8[) . we conclude that 
Pic(A/" A ' sm ) = Z ffi Z for every a < d/2. □ 
5.3. The Torelli Theorem for W A . 

Proposition 5.8. Let g^b and d be such that d v - d > 2g - 2. Then H 3 (Af£' sm ) 
is naturally polarized, and the isomorphism -ff 3 (A/" A,sm ) = H 1 (X) respects the po- 
larizations. 

Proof. This is similar to [1] and [IJ]]. Let H\ and H2 be two positive generators 
of Pic(A/" A ' sm ) = Z ffi Z. For every a, A/ A is projective, thus naturally polarized 

1. e. there are a, b £ Z such that H = aH\ + bH^ is a polarization of jV a . If 
k = 3(djj — d) — 1 is the dimension of A/" A , take a generic (k — 3)-fold hyperplane 
intersection Z C A/" A,sm . Hence Z is smooth, dimZ = 3 and, by Proposition 13.121 
we see that Z is in fact projective. Now, let 

(5.4) § x : H 3 (X^ sm )(g>H 3 (Aft sm ) — ► Z, 0(a®j8) = {aU/3, [Z]) = / aU/i. 
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We prove that this is a polarization as follows. Take a generic (k— 4)-fold hyperplanc 
section W C Af^ ,sm . Proposition ^. 121 and the fact that g ^ 5, tells us again that 
W is projective and smooth. Then there is a version of the Lefschetz hyperplane 
theorem compatible to our case (cf. [IJ Theorem 6.1.1]) which when applied to 7V„ , 
jsfKsm and w yields H 3( W ) H 3 (Af^ sm ) and, by the Hard Lefschetz theorem, 

we have an isomorphism H 3 (W) ^> i? 5 (W) = J? 3 (W)* . This map coincides with 
8x, proving thus that it is non-degenerate. 
Let now 

7T : x — > T 

be a family of generic curves of genus g, parametrized by an irreducible base variety 
T, such that the natural map T — > 9Jt g to the moduli space 9Jt g of genus g curves 
is dominant. Let 

q : J d — > T 

be the universal Jacobian. Then we consider the universal moduli space 

p:^ m a (2,d)^J d 

such that p~ 1 (X,A) = Afx.T- Let / : M 8 T {2,d) -> J d be the universal moduli 
space of stable vector bundles, such that f^ 1 (X, A) = M. x s ■ There is then a for- 
getful map A/"f, m _ (2, d) — > A4^(2, d), and pulling back the relative ample generator 

of M?p — ► J d , we obtain an element H% € Pic(A/"y' s ™ ), defined in the family tt. On 
the other hand, since A/"i, m _ (2,d) — > A^p(2,d) is, by Proposition 14. 11 outside of a 
subset of codimension bigger than 2, a projective bundle, there is another element 
Hi € Pic(A/" A ' sm ), well-defined in families. The construction of the flips can also 

be done in families (cf. [5]) so, for any a, Pic(A/Vr™) = Z © Z with the genera- 
tors defined in families. The construction of the polarization 9x in (|5.4|) goes then 
through in families as well, hence defines a polarization in i? 3 p*Z, which we denote 
by §. 

Now, let 9 be the standard polarization on i? 1 ^^ given by the cup product - 
see (|5.1I) . Then, we know that there is an isomorphism R 3 p^L = q*R 1 -K le 2 L which, 
together with the polarization 8, yields a polarization 8' in q*R 1 Tr*Z. Since the map 
T — > SH 9 is dominant, then Lemma 8.1.1 of [T] asserts that 8' is a positive integer 
multiple of 9 hence so is 9. Finally, restricting to X again, we conclude that Ox is 
a positive multiple of 6 X , hence it determines a unique primitive polarization on 
H 3 (Af£' sm ). So the isomorphism i7 3 (W„ ■ sm ) = H 1 (X) respects the polarizations. 

□ 

Theorem 5.9. Let X and X' be smooth projective curves of genus g, g' 5, A and 
A' line bundles of degree d and d! on X and X' , respectively, and U and U' line 
bundles of degree du on X and X 1 , respectively. Let Af- a be the moduli space of 
a-polystable U -quadratic pairs on X , and define similarly Afx> a - If -My a = Afx> a 
thenX = X'. 

Proof. Due to Proposition 13.101 the isomorphism Af x a — Af X / & induces an iso- 
morphism Mx' s ™ — ^x' tt™ 1 ano - therefore an isomorphism between the corre- 
sponding H 3 . This isomorphism preserves the corresponding polarizations 9 X 
and 8x< as constructed in the previous theorem, due to their definition. So, we 
have {H 3 {Nx S ™),9x) — {H 3 {Af X ' ,s ™), Gx 1 )- The previous theorem says then that 
(H 1 (X),9x) — {H 1 (X'),9x') where X and 0x< are the corresponding standard 
polarizations given by (|5.1|) . The usual Torelli Theorem l5.2l completes the proof. □ 
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5.4. The non-fixed determinant case. Recall that Af£ := dct 1 (A) where det 
is the map given by (|2.1[) . Since the fibers of det are all isomorphic, we have that 
det :Af x , a (2,d) Jac d (X) is a fibration. We will extend the results of the previous 
sections to the moduli space Afx,a(2, d) of a-polystable [/-quadratic pairs over X, 
using the techniques of (TP] . 

The following lemma, proved in |101 Lemma 7.1], will be needed in the proof of 
the Torelli theorem for Af a (2, d). 

Lemma 5.10. Let M be a projective connected variety and f : M —> Y a map 
to another quasi- projective variety such that f* : H k (Y) — > H k (M) is zero for all 
k > 0. Then f is constant. 

Theorem 5.11. Let X and X' be smooth projective curves of genus g,g' 5, A 
and A' line bundles of degree d and d' on X and X' , respectively, and U and U' 
line bundles of degree du on X and X' , respectively. If A/"x,a(2, d) = Afx',a(2, d') 
thenX = X'. 

Proof. Let F : Afx, a (2, d) Afx', a (2, d') be the given isomorphism. Let A/^™ (2, d) 
be the subspace defined precisely in the same way as we did in Definition 12^121 for 
the fixed determinant case. Define similarly Af^J l a (2,d'). The same arguments as 
in Proposition 13.101 show that Af x m a (2,d) is the smooth locus of Afx,a(2, d). So F 
restricts to an isomorphism (still denoted by F) of the corresponding smooth locus 

F:Xf^(2,d)^Xf^ a (2,d'). 

Fix Aq £ Jac d (A) and take the composition 

/ : AT%% sm (2, d) A^(2, d) A A^ a (2, d') — > Jac d '(A'). 

From PropositionEUwe know that H 1 (Af^ sm (2, d)) = 0, so /* : H x {3ajc d ' (X')) 
H 1 (Af^°^ m (2,d)) is the zero map. Moreover, the cohomology of Jac d (X 1 ) is gen- 
erated by H 1 (Jac*(X')), so /* : H k (Jac d ' (X')) -> H k {Af^ a sm (2,d)) is the zero 
map for every k > 0. The previous lemma implies that / is constant, therefore 
F{N^ a a sm {2,d)) C A^" Q sm (2,d'), for some A' e Jac d '(A'). Since M^ m {2,d) 
and A/^° Q sm (2, d') are dense in A/^° Q (2, d) and in A/^° Q (2, d'), respectively, we have 
F(N£° a (2,d)) C Nx° a {2,d'). In the same way, we see that F- 1 (A^;^(2, d')) C 
Mx a (2,d). In other words, we have an isomorphism 

F ko £v(2 , d) :^ Q (2,d)^A^O a ( 2 ,d) 

and Theorem 15.91 yields the result. □ 

References 

1. D. Arapura, P. Sastry, Intermediate Jacobians and Hodge structures of moduli spaces, Proc. 
Indian Acad. Sci. Math. Sci. 110 (2000), 1-26. 

2. I. Biswas, S. Ramanan, An infinitesimal study of the moduli of Hitchin pairs, J. London Math. 
Soc. (2) 49 (1994), 219-231. 

3. I. Biswas, P. B. Gothen, M. Logares, On moduli spaces of Hitchin pairs, Math. Proc. Camb. 
Phil. Soc. 151 (2011), 441-457. 

4. P. Deligne, Theorie de Hodge I, Proc. Int. Cong. Math. 1 (1970), 425-430. 

5. P. Deligne, Theorie de Hodge II, Pubi. Math. I.H.E.S. 40 (1971), 5-58. 

6. P. Deligne, Theorie de Hodge III, PubJ. Math. I.H.E.S. 44 (1974), 5-77. 

7. O. Garci'a-Prada, I. Mundet i Riera, Representations of the fundamental group of a closed 
oriented surface in Sp(4,R), Topology 43 (2004), 831-855. 

8. T. Gomez, I. Sols, Stability of conic bundles, Internat. J. Math. 11 (2000), 1027-1055. 

9. P. B. Gothen, A. G. Oliveira, Rank two quadratic pairs and surface group representations, 
Gcometriae Dedicata, doi:10.1007/sl0711-012-9709-l. 



20 



A. G. OLIVEIRA 



10. V. Munoz, Torelli theorem for the moduli spaces of pairs, Math. Proc. Camb. Phil. Soc. 146 
(2009), 675-693. 

11. M. S. Narasimhan, S. Ramanan, Deformations of the Moduli Space of Vector Bundles Over 
an Algebraic Curve, Ann. Math. 101 (1975), 391-417. 

12. P. E. Newstead, Topological properties of some spaces of stable bundles, Topology 6 (1967), 
241-262. 

13. P. E. Newstead, Introduction to Moduli Problems and Orbit Spaces, Narosa Publishing House, 
2012. 

14. O. Serman, Moduli spaces of orthogonal and symplectic bundles over an algebraic curve, 
Compos. Math. 144 (2008), no. 3, 721-733. 

15. C. A. M. Peters, J. H. M. Steenbrink, Mixed Hodge Structures, Ergebnisse der Mathematik 
und ihrcr Grcnzgebiete, 3 Folgc 52, Springer- Verlag, 2008. 

16. M. Thaddeus, Stable pairs, linear systems and the Verlinde formula, Invent. Math. 117 (1994), 
317-353. 

17. C. Voisin, Hodge Theory and Complex Algebraic Varieties I, Cambridge University Press, 
2002. 

Centro de Matematica, Universidade de Tras-os-Montes e Alto Douro, Quinta dos 
Prados, Apartado 1013, 5000-911 Vila Real, Portugal 
E-mail address: agolivOutad.pt 



